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Abstract

The Ruijsenaars—Schneider systems are ‘discrete’ version of the Calogero—
Moser (C—-M) systems in the sense that the momentum operator p appears in the
Hamiltonians as a polynomial ine*#'? (8’ is a deformation parameter) instead of
an ordinary polynomial in p in the hierarchies of C—M systems. We determine
the polynomials describing the equilibrium positions of the rational and
trigonometric Ruijsenaars—Schneider systems based on classical root systems.
These are deformations of the classical orthogonal polynomials, the Hermite,
Laguerre and Jacobi polynomials which describe the equilibrium positions
of the corresponding Calogero and Sutherland systems. The orthogonality
of the original polynomials is inherited by the deformed ones which satisfy
three-term recurrence and certain functional equations. The latter reduce to
the celebrated second-order differential equations satisfied by the classical
orthogonal polynomials.

PACS numbers: 02.20.—a, 02.30.Gp, 02.30.1k

1. Introduction

Exactly solvable or quasi-exactly solvable multi-particle quantum mechanical systems have
many remarkable properties. By definition, the entire (or a part of the) spectrum and the
corresponding eigenfunctions are calculable by algebraic means. The corresponding classical
systems also share many ‘quantum’ features. For example, the frequencies of small oscillations
near the classical equilibrium are ‘quantized’ together with the eigenvalues of the associated
Lax matrices at the equilibrium. These phenomena have been explored extensively for multi-
particle dynamics based on root systems, in particular, for the Calogero and Sutherland systems
[1-3] by Corrigan—Sasaki [4]. Similar phenomena are also reported by Ragnisco—Sasaki [5]
for Ruijsenaars—Schneider systems [6-9], which are deformations of C—M systems.
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In this paper we will discuss one special aspect of the classical equilibria of exactly solvable
systems based on classical root systems, the rational and trigonometric Ruijsenaars—Schneider
systems. Namely, the determination of the equilibrium positions and their description in
terms of certain polynomials. It is known that for the Calogero and Sutherland systems, the
equilibrium positions are described by the zeros of the classical orthogonal polynomials, i.e.
the Hermite, Laguerre, Chebyshev, Legendre, Gegenbauer and Jacobi polynomials [4, 10, 11].
The Ruijsenaars—Schneider systems are ‘good’ deformation of the Calogero and Sutherland
systems. Here is one interesting piece of evidence. It was known [12] that the singular vectors
of the Virasoro and Wy algebras, in the free field representation, are related to Jack polynomials
[13], the quantum eigenfunctions of the A type Sutherland systems. The deformed Virasoro
and Wy algebras were discovered by using the relation between the Sutherland system and the
trigonometric Ruijsenaars—Schneider system of the A type root system [14]. Therefore, it is
expected that equilibrium positions of the rational and trigonometric Ruijsenaars—Schneider
systems would give certain ‘good’ deformation of the classical orthogonal polynomials:

Calogero—Sutherland T " classical
equilibrium positions )
systems orthogonal polynomials

l ‘good’ deformation

J good’ deformation expected

Ruijsenaars—Schneider ST " deformed classical
equilibrium positions !
systems orthogonal polynomials

In the Ragnisco—Sasaki paper [5], based on numerical analysis, the explicit forms of the
lower degree members of the one-parameter deformation of the Hermite and Laguerre
polynomials were presented. The present authors continued the numerical analysis and
obtained the explicit forms of the lower degree members of the one and/or two-parameter
deformation of the Hermite polynomial, one-, two- and/or three-parameter deformation of
the Laguerre polynomial, one-parameter deformation of the Jacobi (and Gegenbauer and
Legendre) polynomials. They are also polynomials, or rational functions in the deformation
parameter(s) with integer coefficients.

Remarkably, the orthogonality of the original polynomials is inherited by the deformed
ones. The equations determining the equilibrium can be reformulated as functional
equations determining the polynomials. These functional equations are difference analogues
of the celebrated second-order differential equations satisfied by the classical orthogonal
polynomials. Three-term recurrence for the deformed polynomials, the necessary and
sufficient condition for orthogonality, can be derived from these functional equations.
Dynamical stability of the Hamiltonian system, or bounded-from-belowness of its potentials,
is achieved by restricting the parameter space of the coupling constants, usually by positive
coupling constants, which in turn guarantees the positive definiteness of the inner product
governing the orthogonal polynomials, the deformed as well as undeformed. These deformed
polynomials are not the so-called g-deformed versions of the above classical polynomials [15].

This paper is organized as follows. In section 2, first we recall the essence of the Calogero—
Sutherland systems and their equilibria, which are described by the Hermite, Laguerre and
Jacobi polynomials. Next the Hamiltonians and potentials of the Ruijsenaars—Schneider (R—S)
systems are briefly recapitulated, and two types of the rational systems and one trigonometric
systems for the classical root systems are introduced. Then the equations for their equilibrium
positions are written. For later use we review the relation between the orthogonal polynomials
and the three-term recurrence. Sections 3—5 give the main results of this paper. In section 3,



Equilibria of ‘discrete’ integrable systems and deformation of classical orthogonal polynomials 11843

we determine the equilibrium positions of the rational R—S systems for the A type root
system and the deformation of the Hermite polynomial is presented. For one-parameter
deformation case, we derive the explicit forms of the generating function and the weight
function of the inner product. In section 4, equilibrium positions of the rational R—S systems
for the B, C, D, BC type root system are determined and the deformation of the Laguerre
polynomial is presented together with the explicit forms of the functional equations and
three-term recurrence. In section 5, equilibrium positions of the trigonometric R—S systems
for the B, C, D, BC type root system are determined and the deformation of the Jacobi
(and Gegenbauer) polynomial is presented together with the explicit forms of the functional
equations and three-term recurrence. Classical orthogonal polynomials, e.g., the Hermite and
Laguerre, satisfy many interesting identities among themselves. Those having a root theoretic
explanation (folding) are shown to be preserved after deformation. The final section is devoted
to a summary and comments. Identification of the deformed orthogonal polynomials within
the so-called Askey-scheme of hypergeometric orthogonal polynomials [16] is reported here.
The relation between the functional equation and the three-term recurrence is discussed in the
appendix.

2. Potentials and equilibrium positions

In this section, we set up models and present the equations for their equilibrium positions. We
consider a multi-particle classical mechanics governed by a classical Hamiltonian H (p, q).

The dynamical variables are the coordinates {g;|j = 1, ..., r} and their canonically conjugate
momenta {p;|j =1, ..., r}. These will be denoted by vectors in R"
q="(q1, -4, p="(pi,.., Pr),

in which r is the number of particles (and it is also the rank of the underlying root system A
except for the A case). The canonical equations of motion are

IH(p,q) . dH(p. q)
gj=—, = @1
ap; 9q;
The equilibrium positions are the stationary solution
p=0, q =4, 2.2)
in which ¢ satisfies
d0H (0,
MO\ _g =1 23)
aq; |
9=4

We will discuss Ruijsenaars-type models associated with the classical root systems,
namely the A,_;, B,, C,, D, and BC,. The fact that all the roots of the classical root systems
are neatly expressed in terms of the orthonormal basis of R” makes formulation much simpler
than those systems based on the exceptional root systems. The sets of positive roots of the
classical root systems are

A Ay={ej—ell < j<k<r},

B.: App={ejtell<j<k<r Asy ={ejll < j <},
C: Agp={ejxell <j<k<r}, Apy ={2¢]1 < j<r),
Dy: Ar={ejtell <j<k<r},

BC,: Ayr={ej el <j<k<r,
Age ={ejll < j <}, Apy =1{2e;]1 < j <},
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where {e;} is an orthonormal basis of R". The subscripts L, M and S stand for long, middle
and short roots, respectively.

It is well known that the non-simply laced root systems are obtained from simply laced
ones by folding. In the present case, the relevant ones are

A2r71 g Crv Dr+1 - Brv A2r g BCr (24)

At the level of the dynamical variables and Hamiltonians, the above foldings are realized as

Ay1— Cri pyy1-j = —pj, Grr+1—j = —4qj (G=1...,r), (2.5)
D,y — B,: Pr+l = (r+1 = 07 (26)
Ay = BCy: porwa—j = —pj, Qri2-j = —q; G=1...,r),

Pr+1l = 4r41 = 0. (27)

2.1. Calogero and Sutherland systems

For later comparison, we summarize the Calogero and Sutherland systems associated with the
classical root systems only, namely the A,_;, B,, C,, D, and BC,.
The Hamiltonian of the classical Calogero and Sutherland systems is

1 r
Hes(p.q) = 5 3 1+ Ve(@). (2.8)
j=1

where the classical potential V¢ is given below explicitly. For all cases this classical potential
Ve can be written in terms of the prepotential W (q) [17]

L~ (W@

Vi == . 29

@) =3 Z ( 5, 2.9)
j=1
The equations for the equilibrium positions (2.3) reduce to the following equations:
ow
@ _y =1 (2.10)

94 9=q

2.1.1. Calogero systems. The classical potential V¢ and prepotential W are

Ve(q) w2i2+1z 8’ @.11)
C q = qj ~ 27 .
2 3 2% (o9
w r
Wig)==2 ai+ ) glogl(p-q)l, (2.12)
j=1 PEA,

where w is the (positive) frequency of the harmonic confining potential and g, are real positive
coupling constants depending on the length of the roots. They are: one coupling g for all
roots for the A,_; and D,, two independent couplings g; and gs for B, and C, corresponding
to the long and short roots, respectively. These conventions are the same for all other types of
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potentials considered in this paper. For example, the C, model is

r

2
. gs —L i
Gt Ve(g) = qu Z <(q] _Clk)2 (g +qk)2) 2 2:: 12

Jj.k=1
JFk

W) == a+5 " logla} —a}|+a Zloguq,

j=1 jk=1 j=1
J#k
There is no distinction between the rational B, and C, models because of the replacement
gs <> gr. The D, model can be considered as a special case of the B, with g, = g and
8s = 0.
The systems obtained by folding (2.5)—(2.7) have a special ratio of couplings. They are

folded C,: (g1, gs) = (3, 1)g, folded B,: (g1, gs) = (1,2)g, o3
folded BC,: (g1, 8m. 8s) = (3. 1. 1) '
The equations for the equilibrium position (2.10) are
A Z 1 “q (2.14)
r—1: - — = —{qj, .
1 4i —49x 8 !
k#j
~ 27 o _ gsl
B,: e VN P -L N (2.15)
;qi—qi g’ 8L q;
k]
: 2q; ) gr 1
C.: i _@s 8L (2.16)
;qf—qi g 8sqj
k#j
D YL -y 2.17)
e TR A
k#j

They determine the zeros of the Hermite and Laguerre polynomials. In other words, if

we define g; = \/% y; for A,_y, then the polynomial having {y;} as zeros is the Hermite
polynomial [10, 18, 4]:

- ( 1)’(236)’ g
2 [ee -y = “ H,(x). (2.18)

For the C, (or B,) model let us define g; = v %yj, o= i— 1 then having {yj} as zeros is
the Laguerre polynomial [10, 18, 4]:

—1) < r .
1 CRES NSl st 2)

r—
j=1 j=0 J

For the D, root system, it is the Laguerre polynomial L™V (x).
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The identities between the Hermite and Laguerre polynomials

2 H (x) = (—1) I (1), (2.20)

1
27 oy (x) = x (— 1)L (1), @21)

are well known. The former identity (2.20) for the even degree Hermite polynomial can
be understood as a consequence of the folding of the root system A,._; — C,, see (2.5).
Likewise the latter identity (2.21) for the odd degree Hermite polynomial can be understood
as a consequence of the folding of the root system A, — BC,, see (2.7). Next let us consider
the folding D,,; — B, (2.6), which leads to the identity [4] among the Laguerre polynomials
of different indices:

r+ DL (x) = —xLO(x). (2.22)

r+l

We will see that these identities (2.20), (2.21) and (2.22) are also nicely deformed with one
parameter (4.46), (4.48) and (4.50) and with two parameters (4.47), (4.49) and (4.51).

2.1.2. Sutherland systems. The classical potential V¢ and prepotential W are (except for V¢
of BC,)

1 g’

Velg) = - 0 (2.23)
2 p; sin(p - q)

W(g) =Y g,loglsin(p - q)l, (2.24)
PEAL

where g, are real positive coupling constants. The classical potential V¢ of the BC, model is
given by

2 T .
8m 1 1 5 1

BC,: Velg)=°2 Y < . + = >+2g -
2 et sin?(q; — qr)  sin*(q; +qx) L ; sin? 2q;

ok
gs(gs+281) N\~ 1
. , 2.25
2 g sin? g 2.25)

The B, (C,) potential is obtained by setting g; =0, gyy — g1 (gs =0, gn — gs).
The equations for the equilibrium position (2.10) are

Az ) co(q; — i) =0, (2.26)
=
B Y (cot(@; — Gi) +cot(q, +Gx) = —g—s cotq;, 2.27)
_ L
=
Cri Y (cot(@; — qu) +cot(d; +qu)) = —2Z—L cot 24, (2.28)
S

k=1
k#j
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BCy: Y (cot(@; — Gx) +cot(@; +dx) = — > cotq; — 255 cot2g;, (2.29)
k=1 &m Em
k#j
Dy: ) (cot(d; — i) +cot(q; +qi)) = 0. (2.30)
=

The equilibrium positions of the A,_; model are related to the Chebyshev polynomial and
those of the other models are related to the Jacobi polynomials.
For the A,_1, the equilibrium positions are ‘equally spaced’ and translational invariant,

cj:z’(r,r—1,...,1)+§’(1,1,...,1), & € R : arbitrary. (2.31)
.

We choose this constant shift & such that the ‘centre of mass’ coordinate vanishes,
r =~ .
> j=14; = 0:

 nGr+1—j) mr+1) 7Q2j—1) ,
qu — = —7=—qr+1,j (]:1,...,r).

T
r 2r 2 2r
(2.32)

Then the degree r (the dimension of the vector representation) polynomial in x, having zeros
at {sing;},

— : P _ : 2] 1) def
r—1 | | ) =2 1 | | — 77[( = Tr S 2.33
2 ] l(x s q]) ! 1()(? CoS . ) (x) ( )

is the Chebyshev polynomial of the first kind, 7}, (cos ¢) = cos(ng).
For the solution {g;} of the BC, (2.29), cos2q; is the zero of the Jacobi polynomial

PP (x) withe = £5 + 8 — Jand g = £ — 1,
8m 8m 8m

_fa+pB+2r i _ . " fa+r a+pB+r+j\._; N =
2( ; )H(x coszq,)_z< )( , >2f(x 1/ = P@P (x).

j=1 s\ T J
(2.34)
Itis easily shown that ¢, = 7 — g satisfies (2.29) with & <> B, which implies PP (—x) =
=n" P,,(’g’a) (x). For the solution {g;} of the C, (2.28), cos 2§ ; is the zero of the Gegenbauer

1
polynomial " (x) with & = z—i -1,

1 r
a—5+r
2r 2 - 2_'
( ; )]l |1(x cos2q;)

—1 r .
_ (2a+r)<a+r> (oz+r.><a+/3-f-r+]>2_j(x_ W, défcr(uﬁ%)(x)‘
r r —\r—j j

J

(2.35)
This is a special case of P,(“”S ) (x) with another normalization,
atl 2o + +r\"!
P (x) = ( @ r) (a r) P9 (x). (2.36)
r r

For the solution {g;} of the B, (2.27), cos 27 is the zero of P*~V(x) with & = g—i — 1. For
the solution {g,} of the D, (2.30), cos 24, is the zero of P17V (x).
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The known identities between the Chebyshev and Jacobi polynomials and between the
Jacobi polynomials can be understood as consequences of the folding:

1

. 1-2r 1V 2r =1\ (—3—3 9,2
Ay 1 —> Cr: 27T (x) = (—1) P, (1 —=2x%), (2.37)
r

2

Ay — BC,: 27Ty (x) = x(—1)’< r) (2 (1 2x%), (2.38)
r

Dyyi — B 20+ )P V) = r(x = PV (). (2.39)

We will see in the following that the first two identities are not deformed but the third one is
nicely deformed (5.53).

The Gegenbauer polynomial and the Jacobi polynomial are also related by the quadratic
transformations:

o -1 2 - o —1
() = (“ 2+”)< ”) PP 2x? — 1), (2.40)
n n
o +14 2n+1 «
C;nil)( ) 22n+1 (a 2 n)( n ) ( 2)(2 2 ) (241)
n+1 n

However, these identities do not seem to have a folding type explanation. Indeed, the deformed

Gegenbauer polynomials C*"* (x, 8) (2.35), C%*2(x, 8) (5.26) and the deformed Jacobi

polynomial p*P (x, 8) (5.2) do not satisfy this type of identities for generic §.

2.2. Ruijsenaars-type systems

Following Ruijsenaars—Schneider [6] and van Diejen [7], the Hamiltonian of the Ruijsenaars
systems is (the deformation parameter 8’ of e*#7 is set to unity, g’ = 1)

r

1
Hp.q)=) (Cosh PiyJVi@Vi@) = 5(Vi(g) + Vf(f]))) : (2.42)

j=1
The form of the function V; = V;(g) and its complex conjugate V; are determined by the
root system A as

Arr Vi@ =wg) [[vlgj—a0  G=1,....n, (2.43)
(=
B, Cr, Dy, BC: Vi(q) = w(q;) l_[ v(gj — qv(q; +qr) G=1....r. (244
(=
The elementary potential functions v and w depend on the nature of interactions (rational,
trigonometric, etc) and the root system A. Their explicit forms will be given below. When

V satisfies the simple identity > j (Vi(g) + ij* (g)) = const, the Hamiltonian (2.42) could be
replaced by a simpler one

H'(p.q) =) _coshp; [Vi(@)Viq). (2.45)

J=1
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which is obviously positive definite and usually used as a starting point for the trigonometric
(hyperbolic) interaction theory.

The above Hamiltonian (2.42) is a hyperbolic function of the momentum operator p
instead of a polynomial in the hierarchy of C—M systems or other ordinary dynamical systems.
In quantum theoretical setting this Hamiltonian causes finite shifts of the wavefunction in the
imaginary direction, i.e. cosh pir(q) = %(1// (g —ih) + ¥ (g + ih)), in which 7 is Planck’s
constant. This is why the R—S systems are sometimes called ‘discrete’ dynamical systems.

The equation (2.3) of equilibrium positions (2.2) can be simplified in the following way.
By expanding the Hamiltonian around the stationary solution (2.2), we obtain

‘ . I~y
H(p.q) = K(p)+ P(q) + higher order terms in p, K(p) =53 IVi@lpj.
j=1

(2.46)
and the ‘potential’ P is given by

r 1 . 1 r - 2
Pig)=Y_ (w/vj<q>v;<q> — 5@+ <q>>> =32 (Vi@ - vi@) .
j=1 j=1
(2.47)
This should be compared with the classical potential in the Calogero—Sutherland systems
(2.9). It is obvious that the equilibrium is achieved at the point(s) in which all the functions
V; become real and positive:
Vi(@) =V (@ >0 (G=12,...,7). (2.48)
The equilibrium point is the absolute minimum of the potential P. The system of
equations (2.48) is invariant under any permutation of {§;}. For v and w considered in

this paper, they are also invariant under the transformation ¢ — ¢’ = —¢g. Except for the
A case, they are also invariant under the transformation ¢ — ¢’ = “(€1q1, ..., €-g,) with
€ = +1.
The functions v and w considered in this paper have properties
v(—x) = v*(x), w(—x) = w*(x), (2.49)
which allow the folding (2.5)—(2.7) of the Ruijsenaars-type Hamiltonians:
HY ' (p, @) prory=—p, =2H(p, q), U(x) = v (x), w(x) = w (x)v (2x),
Q2r+1-j=—4;
(2.50)
HY (p, @ pyiry=—p, =2H(p.q),  7(x)=v*(x), D) =w'x)v*x)v'Q2x),
q2r+2—-j=—4;
(2.51)
HP (p, @)\ pi=0.g.u=0 = H(p. @), (x) = v’ (), D(x) = w” ()’ ()7,
(2.52)
where H is
I] : \/ 743 L (7%
Ap.g) =" (cosh p;\/¥; (@) V7 (@) - S Vi@ +Vi@) ).
=1
! (2.53)

Vi(g) = w(q)) [ | 9q; — a)v(q; +q0)-
k=1
k#j



11850 S Odake and R Sasaki

The folded systems (2.50), (2.51) and (2.52) correspond to the folding A1 — C,,
Ay — BC, and D,;; — B,, respectively. The coupling constants in these folded systems
are not independent as shown in (2.13).

2.2.1. Ruijsenaars—Calogero systems. The first example to be discussed is the ‘discrete’
analogue of the Calogero systems [1], to be called the Ruijsenaars—Calogero systems, which
were introduced by van Diejen for the classical root systems only [7, 8]. The original Calogero
systems [1] have the rational (1/(distance)?) potential plus the harmonic confining potential,
having two coupling constants g and w for the systems based on the simply-laced root systems,
A and D, and three couplings w and g;, for the long roots and gg for the short roots in the B
and C root systems.

Two varieties (deformation) of ‘discrete’ Calogero systems are known. The first has two
(three for the non-simply-laced root systems) coupling constants g (g; and gg) and a which
corresponds to w in the Calogero systems. The second has three (four for the non-simply-laced
root systems) coupling constants g (g, and gs) and a, b both of which correspond to w. The
integrability (classical and quantum) of these systems was discussed by van Diejen in some
detail [7, 8]. The former can be considered as a limiting case (b — o0) of the latter.

Linear confining potential case. The dynamical system is defined by giving the explicit forms
of the elementary potential functions v and w. For the simply-laced root systems A and D
they are

A.D: vx)=1-i%, w(x) = 1+ix, (2.54)
X a

in which a and g are real positive coupling constants. For the non-simply-laced root systems
B, C and BC, we have

B: v(x)=1- ii—L, w(x) = (1 +i§) (1 - ii—i)z, (2.55)
C: vx)=1- ii—s, w(x) = (1 +i;—‘) (1 _ ii—L), (2.56)
BC: wix)=1 —i%, wx) = (1 +i;ﬁ> (1 - i%) (1 — i%), (2.57)

inwhicha, g, gs, 80, &1, &2 are independent real positive coupling constants. Normalization
of the coupling constants is chosen such that they reduce to those of the Calogero models in
the small coupling limits discussed below. The D model is obtained from the B model by
g1 = g and gg = 0. The B and C models are special cases of the BC model. In contrast to the
Calogero case, those based on the B and C systems are different. The difference of the length
of the roots is immaterial, since it can be absorbed by the coupling constants normalization. It
is rather elementary to derive the forms of the Hamiltonians of the B and C systems from those
of the D and A systems by folding (see (2.52) and (2.50)). In all these cases the ‘potential” P
(2.47) grows linearly in |g| as |¢| — oo. Except for the BC case, there are simple identities:
> (Vi(@) + V}(g)) = const.

In the limit of small coupling constants, namely, by recovering the deformation
parameter ',

1 1
(pjs ;7 g» gLa 85» 809 gls g2> — ﬁ/ (pjs ;7 g» gLv gS» gOa g11 g2> ) (2'58)
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and taking g — O limit, the Hamiltonian (2.42) tends to that of the corresponding classical
Calogero system (2.8) with w = 1 (BC tends to C, with gg = g0, g, = g1 + £2)

1
ﬁH(p7 q) - HCalogero(pv 6]) + const. (259)

It is interesting to note that the equations determining the equilibrium (2.48), in general,
can be cast in a form which looks similar to the Bethe ansatz equation. For the elementary
potential (2.54)—(2.57), the equilibrium positions {g ;} are determined by

r

g —qr—ig _a—ig;

A,y = (2.60)
i qj_qk"'lg Cl+lqj'
k£
7)—qr—igL 4, +qr —ig  a—iq; (24;+igs\’
e USRI iy (20 -
v 45 —qrtige §j+qrtign a+iq; \2g; —igs
k#j
7)—qr —igs 4 +qr —igs  a—ig; §; +i
G LT diesditdiies _a-id; 4 tis (2.62)
oo 45— drtigs 4+ qrtigs  a+iq; g;—igL
k#j
~ 7i —qr—i80 q; +qr — 1 a—igq; q;j+ig g, +1i
BC,: l_[q— 9k — 1809+ 9k — 180 _ '511 iIJ .81 ?J .82, (2.63)
i 45— drtigo G+ qrtigo  a+iq; qj—igi1q; —ig
k#j
= Gi—igq;+qx—ig  a—ig,
D,: l—[ ! qk 849 t4qk g .c_]j. (2.64)
kel q _qk+lg q]+qk+1g Cl+lqj'
k#j

In the above small coupling limits, these equations reduce to (2.14)—(2.17). Thus the Bethe
ansatz-like equations (2.60)—(2.64) would give deformation of the Hermite and Laguerre
polynomials, as we will see in sections 3.1 and 4.1. They are not the so-called g-deformed
Hermite or Laguerre polynomials [15].

Quadratic confining potential case. In this case the elementary potential function v is the
same as before, but w is different. For the simply-laced root systems A and D, the elementary
potential functions are

.8 X X
A.D: vx)=1-i, w(x) = (1 +1—)(1 +1—) (@, b, g > 0). (2.65)
X a b
For the non-simply-laced root systems B, C and BC , we have (g1, gs, 80, &1, & > 0):
| s (a5 (115 (1 -8
B w(x)=1-i% wx) = (1 +1a) (1 +1b> (1 lzx) , (2.66)
) _1_:8s _ X X _ ;8L
C: vl =1-i", w(x)_<1+1a)(1+1b> (1 1x>, (2.67)
v _1_:8 _ X X _;8t _i&
BC: v =1-i%, w(x)_(1+1a><1+1b) (1 x)(l x). (2.68)

The D model can be considered as a special case of the B model by g, = g and g5 = 0.
The B and C models are special cases of BC model. As in the previous case, the forms of
the elementary potential function w for B and C systems are determined from those of the
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D and A systems by folding (2.52), (2.50). In all these cases the ‘potential’ P (2.47) grows
quadratically in |g| as |¢] — oo. The small coupling limit (2.58) (and % — %) gives the
same classical Calogero systems as before (2.59), (2.8) with v = % + %

The equations (2.48) determining the equilibrium positions {7;} for the elementary
potential (2.65)—(2.68) are expressed in a form similar to the Bethe ansatz equation:

r

G —dc—ig _a—ig;b-iq
Ar—l: 1_[ J _ J J

- = = — (2.69)
i 45— dxtig a+iq; b+ig;
k£
LG —qe—igL g +qr—1 a—ig;b—ig; (2G;+igs \*
B [[L L SLL 8L _ 2 .?’( 4 .g5> (2.70)
oo 45— ar+igr 4+ qe+ige  a+iq; b+iq; \2q; —igs
k#j
r . . . . .
7i —qrk —18sq; +qr — 1 a—ig;b—1ig; q; +1i
c [ SsLimd— 88 24— A5 @.71)
io) 45— dxtigs §j+qrtigs a+ig; b+iq; q; —igL
k#j
r - - . - - . . — P — . — .
~ i — gk — i+ qr—1 —ig;ib—1ig; q; + i1
BC.: 1—[6]_; (]_k '1806]__; q_k .80:61 'iIJ "_1.1 C_IJ 1'81 ‘_]J '82’ (2.72)
1 4j—dr+igo §j+qr+igo  a+ig; b+ig; g —ig1q; —ig
k#j
r - - . - - . . — . —
i —qr—18q; +qr —1 —ig; b—1iq;
p: [[L L 8dTA 8 _GM 0 2.73)
1 g —qr+ig gi+qr+ig  a+ig; b+ig;

I j

They define another type of deformation of the Hermite and Laguerre polynomials, since the
small coupling limit of the above Bethe ansatz-like equations gives the same equations as
before (2.14)—(2.17), determining the zeros of the Hermite and Laguerre polynomials, with
o= % + % These will be discussed in sections 3.2 and 4.2.

2.2.2. Ruijsenaars—Sutherland systems. The discrete analogue of the Sutherland systems
[2], to be called the Ruijsenaars—Sutherland systems, was introduced originally by Ruijsenaars
and Schneider [6] for the A type root system. The quantum eigenfunctions of the A type
Ruijsenaars—Sutherland systems are called Macdonald polynomials [19], which are a one-
parameter deformation (g-deformation) of the Jack polynomials [13]. Here we will discuss
the Ruijsenaars—Sutherland systems for all the classical root systems, A, B, C, D and BC [8].
The structure of the functions {V;(g)}, (2.43) and (2.44) is the same as in the Ruijsenaars—
Calogero systems, but the elementary potential functions v and w are trigonometric instead
of rational. Because of the identity Z;=1{Vj (q9) + V; (g)} = const, the Hamiltonian (2.42)
could be replaced by a simpler one (2.45).
The elementary potential functions v and w are

A,D: v(x)=1—itanhgcotux, wkx) =1, (2.74)
2

B: v(x)=1—itanhg cotx, w(x) = (1 - itanh%cotx) : (2.75)

B': v(x) =1—itanhg; cotx, w(x) =1 —itanh ggcotx, (2.76)

C: v(x) =1-—1itanhggcotux, w(x) =1 —1itanh2g; cot2x, 2.77)

C': wv(x) =1—itanhggcotx, w(x) = (1 —itanh gy, cot2x)2, (2.78)



Equilibria of ‘discrete’ integrable systems and deformation of classical orthogonal polynomials 11853

B'C: v(x) =1 —itanh gy cotx, w(x) = (1 —itanh ggcotx)(l —itanh2g; cot2x),
(2.79)

with similar coupling constant notation as in the rational cases. Normalization of the coupling
constants is chosen such that they reduce to those of the Sutherland models in the small
coupling limits discussed below. The D model is the special case of the B model by g, = g
and gg = 0. The B” and C models are special cases of the B’C model. As in the rational cases,
the forms of the elementary potential function w for the B and C systems are determined from
those of the D and A systems by folding (2.52), (2.50).

The original Sutherland models are obtained in the limit in which all the coupling
constant(s) become infinitesimally small. By recovering the deformation parameter f’,

(Pj- 8 81:8m. 8s) = B'(P). 8. 81, &um. 8s). (2.80)
and taking 8’ — 0 limit, the Hamiltonian (2.42) tends to that of the corresponding classical
Sutherland system (2.8)

1
WH([L Q) g HSulherland(pa Q) + const. (281)

In ‘strong’ coupling limits, g, g, gm, &s — +00, the elementary potential functions v
and w take simple forms:
v(x) —> 1 —icotux, wx) — 1, 1 —icotux, (1 —icotx)?, etc. (2.82)
The deformed polynomials take simple forms in this limit as we will see in section 5.

The equations (2.48) determining the equilibrium positions {g;} for the elementary
potential (2.74)—(2.79) are expressed in a form similar to the Bethe ansatz equation:

r

1—[ tan(g; — gx) —itanhg
tan(g; — gy) +itanh g N

A I, (2.83)

k=1
k]

r

— — . — — . — . . 2
B.: 1—[ tan(g; — gx) —itanh g; tan(g; +§x) —itanh g _ tanq{j+1tanh‘%S ’
tan(g; — gx) +itanh g, tan(g; + gy) +itanh g, tang; — itanh £

k]

(2.84)

o r tan(g; — gx) —itanh g, tan(g; + gx) —itanhg;  tang; +itanhgg (2.85)

a o tan(@; — gy +itanhg; tan(g; +qx) +itanh g, ~ tang; —itanhgs’ ’
K
r — — . — _ . - .
tan(g; — — itanh gg tan(q ; + — itanh tan2g; +itanh?2
c.. 1—[ (q; —qw) gs tan(g; + gx) gs qj 8L (2.86)

palle tan(g; — gy) +itanh gg tan(g; + g;) +itanh gg N tan2g; —itanh2g;
k#j

r

- 1—[ tan(q; — gx) — itanhgg tan(g; + gx) —itanhgs  (tan2g; +itanhg, 2
tan2q_j —itanth

tan(g; — gy) +itanh g5 tan(g; + g;) +itanh gg

k=1
k£
(2.87)
BC.: IL[ tan(g; — gx) — itanh gy tan(g; + gx) — itanh gy,
a 1 tan(@; — i) +itanh gy tan(G; +§x) +itanh gy
k#j
tan g ; +1itanh tan2g; +itanh?2
_ qj 8s qj 8L (2.88)

"~ tang,; —itanh gg tan2g; —itanh2g;’
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¢ tan(g; — i) —itanh g tan(g; + i) —itanhg

D,: 1. (2.89)

1 tan(g; — g +itanhg tan(g; +g) +itanhg N
k£ j

From the property mentioned after (2.48) and the fact that (2.83)—(2.89) are the equations
of {tang;}, we can restrict ¢; to 0 < g; < m/2 (except for the A,_; case). In the small
coupling limit, these equations (2.83)—(2.89) tend to (2.26)—(2.30). Thus, the Bethe ansatz-
like equations (2.83)—(2.89) would give deformation of the Chebyshev and Jacobi polynomials
as we will see in section 5.

2.3. Orthogonal polynomials and three-term recurrences

It is well known that orthogonal polynomials satisfy three-term recurrence [18, 20] and
conversely a sequence of polynomials satisfying three-term recurrence are orthogonal with
respect to certain inner product with some weight function. Here we will introduce appropriate
notation by taking the classical orthogonal polynomials as examples.

Let {f,(x)};2, be a sequence of orthogonal polynomials with real coefficients. That
is f,(x) is a degree n polynomial in x and they are mutually orthogonal (f,,, fn) = hn0n.m
(h, > 0) withrespect to an (positive definite) inner product ( f, g) = f fx)gx)w(x)dx (w(x)
is a weight function). Let f,f“"“ic (x) be a monic one, f,(x) = ¢, f,{“""ic (x) = cp(x" +--).
Then f,:nonic (x) satisfies three-term recurrence:

SR = (0 = an) [ ) + b f2 ) =0 (n =2 0), (2.90)

n

where we have set fj“f’“ic(x) =02anda, (n >0)and b, (n > 1, by is unnecessary, b, > 0)
are real numbers. The constants a,, b, and h, are given by

), fule) LG (L) £

= , = : hy, = (1, D2 | | b;.
@), ful) 2 fat ) frr(x) (. v ]

Jj=1

2.91)

Namely f, (x) satisfies the three-term recurrence

C"l Fort(0) = (5 — ap) fu (1) +bncc—”fnfl(x> =0 (=0. (92

n—1

C

For a, =0 (n > 0) case, f,(x) has a definite parity, f,(—x) = (—1)" f,(x), and the constant
term of the even polynomial is

fn(0) = (=1)"ca [ [ b2j1- (2.93)

j=1

Conversely, if { f,, (x)} is defined by the three-term recurrence (2.90), namely, real numbers
a, (n =2 0),b, (n > 1,b, >0)and ¢, (n > 0, ¢, # 0) are given, then {f,(x)} is a sequence
of orthogonal polynomials with respect to some (positive definite) inner product (-, -).

In the rest of this subsection we summarize the three-term recurrence, generating
functions, differential equations, etc for the Hermite, Laguerre and Jacobi polynomials for
later comparison with the corresponding quantities of the deformed polynomials.

3 Hereafter we adopt the convention f_;(x) = 0 and fy(x) = 1 for all the polynomials in this paper.
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The Hermite polynomials H,(x) (2.18) are orthogonal with respect to the inner product
(f,g) = ffooo fx)g(x) e dx, (h, = 2"n!\/7) and satisfy the three-term recurrence (2.90)
with

a, =0, by = e =2" (2.94)

2’
H,.(x) —2xH,(x)+2nH,_(x) =0. (2.95)

The generating function and orthogonality are

o0
e " .
Gt,0) E Y —H, () =" (Gt,x), Gs, 1) = Ve, (2.96)
n!
n=0
The Laguerre polynomials L{* (x) (2.19) are orthogonal with respect to the inner product
(f,g) = fooo f(x)gx)x*e ™ dx, (h,(a¢) = I'(e +n + 1)/n!, Rea > —1) and satisfy the
three-term recurrence (2.90) with

a, =2n+1+a, b, =nn+aw), e = (—1D)"/n!, (2.97)
n+ DL+ —Cn+a+ D)LO@) +n+a) L (x) =0.  (2.98)

e Jacob1 polynomials P, "' (x . are orthogonal with respect to ,8) =

The Jacobi polynomials PP (x) (2.34) hogonal with resp (f. 2)

T (g1 —x +x)P dx, (h,(a, B) = —2 M N G L and satisfy the three-
L P81 =) (140 dx, (b, B) = G itieenponsy ) and satisfy the th

term recurrence (2.90) with

:32 - aZ dn
a, = R b,=4nn+a)(n+pB) x ———, (2.99)
dondania p don—1d3,doys1
2
cnzz—"<a+ﬂ+ ”) dy =a+B+m, (2.100)
n
2n+ D(a+B+n+1)a+p+2n)P% (x)
—(@+p+2n+1D)((a+B+2n)(a+pB+2n+2)x+a*> — pHP@P (x)
+2@+n)(B+n)a+pB+2n+2)PP(x) =0. (2.101)

o 1 . . . .
The Gegenbauer polynomial C ,(, *2) (x) (2.35) is a special case of the Jacobi polynomial
1 z
C,(ZMZ)(x) = (2‘”") (™) 1P,f""o‘)(x). The Chebyshev polynomial of the first kind T},(x) is

also a special case of the Jacobi polynomial 7, (x) = 27! (2";1)_1 P77 (x). The Legendre
polynomial is P,(x) = Pn(o*o) (x).
The differential equations of the Hermite, Laguerre and Jacobi polynomials are

d? d

@Hn(x)—2xaHn(x)+2an(x) :0, (2102)
¢ W d @ @

x—— L)+ (@+1—x)—L"(x)+nL(x) =0, (2.103)
dx? dx

2
1 - xz)d—P”(“”g)(x) +(B—a—(a+p+ 2)x)iPrf°‘*/3) (x)
dx2 dx

+n(n+a+p+1DP*P(x)=0. (2.104)
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3. Deformation of the Hermite polynomial

3.1. Linear confining potential case (one-parameter deformation)

For the solution {g;} of the A,_; equation (2.60), let us define

_ g
qg; =+/agyj, s = P (3.1

and introduce a degree r polynomial in x having zeros at {y;}:
def ., d
Hy(x,8) = 2 ] =y (32)
j=1

It is a deformation of the Hermite polynomial (2.18) such that

;irr(l) H.(x,8) = H-(x). (3.3)

If {7} is a solution of (2.60), so is {—¢ ;}, which would imply that the deformed polynomial
H,(x, 6) has a definite parity

H,(—x,8) = (—1)"H,(x, ), 3.4)

as with the original Hermite polynomial H,(—x) = (—1)" H,(x).
The equation for the equilibrium (2.60) can be written as (we replace r by n)

-1
Lyi—w—ive Vit

: — RLE 3.5)
k=1 )’j—YkH«/S )’j—lﬁ
From this equation, we obtain the following functional equation for H, (x, §) (n > 1):
1 1
x+i—— | Hy(x +iv8, 8) — (x - i—) H,(x —iv/8,8) = 2iA, H,(x, §), (3.6)
(%) 7

because the LHS is i times a degree n polynomial in x with real coefficients which vanishes
at x = y;. Here A, = A,(d) is a real constant. This functional equation contains all the
information of the equilibrium. The number of unknown coefficients (coefficient of x* term
of H,(x,8) (k=0,1,...,n—1)and A,) and the number of equations (coefficient of x* term
of (3.6) (k =0, 1,...,n)) are both n. The constant A, is determined by the coefficient of x"
term of this equation,

A, = %(1 +né). 3.7

The functional equation (3.6) can be written as a difference equation,
Di’%iﬁHn(x, 8) —2xD, ; s5Hn(x,8) +2nH,(x,8) =0, (3.8)

where D, ; is a (central) difference operator,

Jx+h)— f(x—h)
2h ’

Inthe § — 0limit, (3.6) reduces to the differential equation of the Hermite polynomial (2.102).

The uniqueness (up to normalization) of the solution of the functional equation (3.6) is
easily shown (proposition A.1). Therefore, it is sufficient to construct one solution of (3.6)
explicitly. This is done by using the three-term recurrence (see the appendix). The result is as
follows; the functional equation (3.6) implies that the deformed Hermite polynomial H, (x, §)

Denf(x) = (3.9



Equilibria of ‘discrete’ integrable systems and deformation of classical orthogonal polynomials 11857

satisfies the three-term recurrence (2.90) with

-0 =" (1+"=1s — (3.10)
an - ’ n — 2 2 ’ Cn - ’ .
Hyo (x, 8) — 2xH, (x, 8) + 2n + n(n — 1)8)H,_, (x, 8) = 0. 3.11)

Since § is positive in this case (3.1), b, is also positive. Therefore, H,(x, ) is a set of
orthogonal polynomials with respect to some positive definite inner product.

Here we present another derivation of this three-term recurrence. Let us consider the
generating function

X n

t
G(t,x,8) =) —Hy(x,9), (3.12)
n= 0
which satisfies
3
((1+5r2)5+2(r —x))G(t,x,(S) —0, (3.13)

as a consequence of the three-term recursion (3.11). This linear differential equation with the
initial condition G (0, x, §) = 1 can be easily solved and we obtain

exp (2)( drclil/is/_t)
G(t,x,0) = ———. (3.14)
(1+ 8t2) 5
In the § — O limit, this generating function tends to that of the Hermite polynomial (2.96),
lim Gz, x,8) = e e = e = G(1, x). (3.15)

The functional equation of G(¢, x, §) is obtained from (3.6):

<x +i%) G(t, x +iv3, 8) — (x —1%) G(t,x —ivs,8) = 7 <1 +5zaa ) G, x, 8.
(3.16)

Since the solution of (3.6) is unique (up to normalization), it is sufficient to show that (3.14)
satisfies this functional equation. This can be easily verified by explicit calculation, in which
the following formula derived from (3.14) is useful,

1 £iv6r
1F /8t

The explicit form of the inner product (f, g) = fioo f(x)g(x)w(x, §) dx, i.e. the weight
function w(x, §) is determined by using the generating function. Here we list main results

only without derivation. Let us fix its normalization by (1, 1); = /7. From the general
theory (2.91), the orthogonality of H, (x, §) is

G(t,x £iV5,8) = ———G (1, x, 5). (3.17)

- 1
(Hy(x,8), Hy(x,8)s = 8pmhn, hy = /72"n! ]_[ <1 + 5ja) , (3.18)
=0

which leads to
(G(t,x,8),G(s,x,8)s = /(1 — Sts)’%. (3.19)

Here we have used the identity

2
H

n” 1 —
F(x) = Z ]_[<1+ ]3> (1—%5)5) ) (3.20)
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The weight function is expressed as

w(x,8) = T cosnr 2i! B<1+ii l—i—) (3.21)
T e VT (coshB1)E s NS 88 s ’

TN -ig) 2t PG i) 52
“mrm uw o o ©

The undeformed limit of the weight function lims_.o w(x, §) = e~ can be verified by using
the asymptotic expansion of the I'-function. The Taylor series of w(x, §) in powers of § reads

b 582
wx,8) =e [ 1+ — 3 — 1222 +4x*) + —— (45 — 1320x2 + 2280x* — 864x° + 80x®)
24 5760
3
+ e
2903 040
—52416x'0 +2240x"%) + - - > (3.23)

(—14 175 — 71 820x> + 865 620x* — 1042 272x° + 386 928x°

Among many interesting properties of H,(x, §), we present only

n—1
(1) H,(0,8) = (—1)”@ 1_[(1 + jd), see (2.93), (3.24)
n! 1 o
j:
d 5] n
.. @ _ ok
(i) o H,(x,8) =2 g (2k)! <2k . 1)( 8) H,_ 1 ok (x, d), (3.25)

which is a deformation of %Hn (x) =2nH,(x).

Remark: We may take the three-term recurrence (3.11) as the definition of the deformed
Hermite polynomial H,(x,§) for an arbitrary (complex) parameter §. Then H,(x,§) is a
polynomial in x of degree n and in § of degree [%] with integer coefficients. We will not repeat
similar remarks which are valid for almost all the deformed polynomials in this paper.

3.2. Quadratic confining potential case (two-parameter deformation)

For the solution {g;} of the A,_; equation (2.69), let us define
g a

q; =+agyj, §= . £= 1 (3.26)

and introduce a degree r polynomial in x having zeros at {y;}:

r

Hy(x.8.6) Z 2 []ox =y (3.27)
j=1

It is a further deformation of the deformed Hermite polynomial defined previously,
lim H, (x, 8, &) = H(x, ), Hy(—=x,8,8) = (=1)"H,(x,8,¢). (3.28)
e—

The symmetry between the two parameters a <> b is expressed as

H,(x,8¢,67") = e H, (s x, 8, ¢). (3.29)
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If we define A, (x, §; e 56 < g =2) & +8rHr(ﬁ, 8, ¢), then this symmetry

is more manifest, A, (x, 81, 8,) = H,(x, 82, 81).
The equation for the equilibrium (2.69) can be written as (we replace r by n)

a

. s 1 s 1
yj—yk—lﬁ_ Yitly yitizx
- +'¢§__ gLy L
k=1 Yi — Yk t1 Yj 5 Vi P/

(3.30)

From this equation, we obtain the following functional equation for H, (x, §, €) (n > 1):

<x+1%>(x+1F)H(x+1\/_88)+(x—1%><x 8\/_>H(x—1«/_58)
=2(Apx*+ B,x + Cy)H,(x, 8, €), (3.31)

because the LHS is a degree n + 2 polynomial in x with real coefficients which vanishes at

x=y;. Here A, = A,(8,¢), B, = B,(5,¢) and C, = C, (8, ¢) are real constants:

1 1
Ap =1, B, =0, C,,:—((E+n>£_1+n+§n(n—l)8). (3.32)

This functional equation contains all the information of the equilibrium. The above functional
equation (3.31) reduces to that of H,(x,d) (3.6) in a proper limit ¢ — 0. This functional
equation can be written as a difference equation,

(1 =8ex®)D? || cH,(x,8,8) = 2(1+)xD,; 5H,(x, 5, €)

n_
+2n<1+(1+

The functional equation (3.31) implies (see the appendix) the three-term recurrence (2.90)
for the deformed Hermite polynomial H, (x, §, ¢) with

18) 8) H,(x,6,¢) =0. (3.33)

0 b= "1+ 1) (1471 n " (3.34)
a, =V, n — & & 5 Cp = 5 .
2 2 2 d2nfld2n+1
m-—2
dy =1+ (1 + 5) e, (3.35)
(1 + 2 88)d

H,1(x,8,e)—2xH,(x,8,e)+(2n+nn — 1)5) H, 1(x,8,¢)=0. (3.36)

d2n— 1 d2n+1

Since § and ¢ are positive in this case (3.26), b, is also positive. From this three-term

recurrence, we obtain the differential equation for the generating function G(¢, x, 8, ¢) =
o g

> H,(x,8,¢),

I‘lOn‘

d 4
<(d2n—1d2n+l)|n*>faﬁ (E - 2)C) + (;dZn—lengn)

which is a third-order linear differential equation with respect to t. The special case § = 0
gives the original Hermite polynomial, H,(x, 0, ¢) = (V1 +¢)7"H,(+~/1 + ex). The value at
the origin of the even polynomial shows a characteristic deformation pattern, see (2.93):

9
I‘l*)ta

t) G(t,x,6,¢) =0, (3.37)

2n)! l:[‘ (1+j8)(1+ jse)
1+

Ha,(0.6,€) = (~1)" = (1+(j+n—1)8)e

(3.38)
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4. Deformation of the Laguerre polynomial

4.1. Linear confining potential case (one- or two-parameter deformation)

I?é,: For the solution {g;} of the l?ér equation (2.63), let us define

_ 80 g&1+8 8182

qu\/ag()yja (S:—, o = _17 y=—2’ (41)
a 80 80

and introduce a degree r polynomial in x, having zeros at { yjz. }:

r

e —1)
L£“>(x,y,8>d=f(r,) [1G=5) 4.2)

j=1
It is a two-parameter deformation of the Laguerre polynomial such that
lim L (x,y,8) = L™ (x). (4.3)
The equation for the equilibrium (2.63) can be written as (we replace r by 1)
t oy — i8R -y} oy =i Yt i+ DVEy; — v
e Oy iV =3y iy —igs v — e+ DBy — 8

4.4)

From this equation, we obtain the following functional equation for L,(f‘) x,y,8) (n=>1):

§<<y - 1§> (y + 1%> (O +i(a+ DV8y — YO LY ((y +iv8)%, v, 8)

8 1

(2 (y - i—) O —ile+ DVEy =y )L (v =iV . 8)

2 73
= 2i(A,y* + B)L (v, v, 8), (4.5)

because the LHS is i times a degree 2n + 2 even polynomial in y with real coefficients which

vanishes at y = £y;. Here A, = Aff‘)(y, é)and B, = B,(l"‘)(y, ) are real constants:

A ! 1+ 2n+ +18 B ﬁ(+1 2y + (n+y)d) 4.6)

n=—= n+o = N n—= & - n . .
NG 5 5 v 14

This functional equation contains all the information of the equilibrium. The functional
equation can be written as a difference equation,

Lo (ar2)s) v+ () s+ iy D2, 1002 1.0)
2 2 2 yogin/aTn A
+(=2Y + Qa+1+Qy —a— 1Oy +ydy D, 5L, v, )

+(4ny* +n8) LY (y?, y,8) = 0. 4.7)

In the § — O limit, it becomes,

d? d
gy O+ Qe+ 1 =2y LR O +4ny L0 () = 0. 4.8)
which is equivalent to the differential equation of the Laguerre polynomial (2.103).
By the same argument as H, (x, §), see the appendix, the functional equation (4.5) implies
that the deformed Laguerre polynomial L@ (x, y, §) satisfies the three-term recurrence (2.90)

with

a, =2n+a+1+n2n+1)+2na+y)s, “4.9)
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by =n+a)(1+Q2n+a— 18+ ((n—Dn+a)+y)sd), e = (=1)"/n!,  (4.10)

n+ DLY (x,y,8) +(x — Qn+a+1+@Qn+1)+2na+y)8))LY(x, y, )
+(n+)(1+Qn+a—1)5+((n—Dn+a)+y)8)LY (x,y,8) = 0.
(4.11)

In this case (4.1), the parameter ranges are §, y > O and « > —1. So b, is positive. Therefore,
L™ (x,y,8) is a set of orthogonal polynomials with respect to some positive definite inner
product. From this three-term recurrence we obtain the differential equation for the generating
function G (1, x,y,8) = > v o t"L® (x, v, ),

8+
—_— X —d
ot "

which is a third-order linear differential equation with respect to .

by
+ —
n

t) GY(t,x,y,8) =0, (4.12)
n—td

9
n%tﬁ

C,: For the solution {g;} of the C, equation (2.62), let us define
_ 8s 8L
qj = /agsyj, ==, a==—=-1, (4.13)
a 8s
and introduce a degree r polynomial in x, having zeros at {y7}:

ef (—1)"
L@, 8 < ( r') [T6=7) (4.14)

j=1

This is a deformation of the Laguerre polynomial such that lims_,o L* (x, §) = L* (x), and
obviously it is a special case of L* (x, y, §),

L (x,8) = L (x,0,9). (4.15)

The functional equation for L (x, §) is easily obtained from that of L\*)(x, y, §) (4.5)
and will not be presented. The three-term recurrence for Lﬁl"‘) (x, 8) reads

(n+ LY (x,8) +(x — Qn+a+1+nQ2n+20+1)8) L (x,8)
+(n+a)(I+@n—18) (1 +n+a)8) L' (x,8) =0, (4.16)

The value at the origin shows a simple deformation pattern

n—1
L0, 8) = (”;a)]_[(uja). 4.17)
=0

B,: For the solution {gG ;} of the B, equation (2.61), let us define
_ 8 8s
G; = agry;, 5 =2k, o= 1, (4.18)
a 8L
and introduce a degree r polynomial in x, having zeros at { yjz}:
L@, 6« & ]‘[ (x = ¥7) (4.19)
T r! I :
j=1
This is a deformation of the Laguerre polynomial such that lim;_. ZE‘“ (x,0) = Lﬁ“) (x), and
obviously it is a special case of Lff‘) (x,v,6)

L&x,8) =LY (x, Ha+1)*6). (4.20)
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The functional equation of I:L"‘) (x, 8) is easily obtained from that of Lf,"‘)(x, y,8) (4.5) and
will not be presented. The three-term recurrence for Lff‘) (x, 8) reads

(n+ DL (x,8) + (x — <2n +o+ 1+ (n(2n +2a+ 1)+ 41-‘(0; + 1)2> 5)) L@(x, )

+(n+oe)<1+<n+a_

D,: As in the Calogero systems, the D, is a special case gg = 0 of the B, theory described by
L&D (x,8) = LY (x, §), which has a zero at x = 0 for all r.

1 2
)a) L@ (x,8) =0. (4.21)

4.2. Quadratic confining potential case (two- or three-parameter deformation)

BC »: For the solution {g;} of the BC » equation (2.72), let us define

. 8o b g1+& 8182
qj=4/a80Y;, d==, £=—, a=—-1, y ===, (4.22)
J J P P 2 Py
and introduce a degree r polynomial in x, having zeros at { y? }:
ef -1 :
L;(fa)(xﬂ )/a(S,S) 2 u ()C _yz) (423)
rtoo /
J:

It is a further deformation of the deformed Laguerre polynomial defined previously,

lim L (x, y,8,8) = L (x, y, 8). (4.24)
e—0
The symmetry between the two parameters a <> b is expressed as
L@ x,y,8e,e) = LY9%e"x,y,8,8). (4.25)
If we define i,f.“)(x, v, 8 def £=505 def g = g) def (1+ g)’Lﬁ"‘)(l"Ts, v, 8, 8), then this

symmetry is more manifest, L@ (x, y, 81, 8,) = L@ (x, y, 82, 8)).
The equation for the equilibrium (2.72) can be written as (we replace r by n)
Ly —iVeE =y oy =i yitis yitics i+ DVEy, —y8
- 2 2 - /3 -1 12 - - (426)
e 0 +iV8)? =y v+ vy —is v —ics i — i+ DVEy; — y8

The equivalent functional equation for Lfl"‘) (x,y,68,¢&) (n > 1) reads

;( <y - 1§> <y + 1%) <y + 1;%) (P +i(a+ DVey =y LD ((y +iv8)2, v, 8, €)

+ (y +i§) (y — 1%> (y — 1$> (? —i(a+ DSy — y8)

x L@ ((y —iv/8)%, v, 6, e)>

=2(A,y" + B,y + C)L™(y?, v, 8, ), (4.27)

because the LHS is a degree 2n +4 even polynomial in y with real coefficients which vanishes
aty = +y;. Here A, = A% (y,8,¢), B, = B®(y,8,¢) and C, = C{¥(y, 6, ¢) are real
constants:
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A, =1, (4.28)

—1 1 -1 1 05+1
B,=—1(6 +2n+a+§ e - 2n+a+§ —|y — > +2n(n+a) | é, (4.29)

1 1 2
— E(n +y)5 — En(n +a)d8”. (4.30)

1

C, = —E(a +1 -2y +(n+y)de
This functional equation contains all the information of the equilibrium. In a proper limit
¢ — 0, the above functional equation (4.27) reduces to that of L (x, y,8) (4.5). This
functional equation can be written as a difference equation as previous examples.

The functional equation (4.27) implies (see the appendix) that the deformed Laguerre
polynomial Lff‘) (x, v, 6, €) satisfies the three-term recurrence (2.90) with,

Xo+ X16 + Xp6?

ap=2m+a+14 0T8T A28 4.31)
dondyn o

by=n(n+a)(1+Qn+a— DS+ ((n— D(n+a)+y)s?)
X+ +m—1D8e)(1+Q2n+a— e+ ((n—Dn+a)+y)se)

dy
X— cp = (—1)"/n!, 4.32)
dZn—ldzzndZnH
d,=1+(1+m+a—1)5)e. (4.33)
Here X, X and X, are
Xo=mRn+1)+2na+y)d, (4.34)

Xi=—-2n+a+1) —(2n(n+a+1)+(a+1)2—2y)8
+(n@n® + 6o+ Dn+20> — 1)+ 2n+a — 1)y)8?%, (4.35)

X, =—Qun+a+1)— (6n°+3Qa+ Dn+2a(a+1)—y)8 — (4n’ +3Qa + 1)n?
+@a? +4a — Dn+ (@ — D+ 1> = 2n+a—1)y)s?

+nn+a)2nn+a) —a — 1+ 2)/)83. (4.36)
Namely Lfl“) (x, y, 6, €) satisfies
1
(n+ DLW (x,y,8,8) +(x —a)L®(x,y,8,¢) + ;b,,Lffjl(x, v, 8,8) =0. (4.37)

In this case (4.22), the parameter ranges are §,¢&,y > 0 and ¢ > —1. So b, is positive.
From this three-term recurrence we obtain the differential equation for the generating function
GO, x,y,8,8) = oo t"L(x, y,8,¢),

ad
<(d2n—ld22nd2n+ld2n+2) |”‘>tair <5 +X> - (d2n—1d22nd2n+ld2n+2an) |n~>t:7

1
+ (;dZn—ldzzndZn+ld2n+2bn)

z) GY(t,x,y,8,€) =0, (4.38)
n—ti

which is an eighth-order linear differential equation with respect to . The special case of
8 = 0 gives the original Laguerre polynomial, L (x, y, 0, &) = (1 +&) ™" L@ ((1 + &)x).

C,: For the solution {g ;} of the C, equation (2.71), let us define

- 8s b 8L
qj = /agsyj, S =—, &= —, a=—-—1, (4.39)
a a 8s
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and introduce a degree r polynomial in x, having zeros at {yjz} :

r

L@(x,8,6) & (_rl')r [1G—%). (4.40)

j=1
This is a further deformation of the deformed Laguerre polynomial defined previously such that
limyo L (x, 8, e) = L™ (x, §) (4.14), and obviously it is a special case of L™ (x, y, 8, ),

L (x,8,8) = L™ (x,0,8, ¢). (4.41)
The value at the origin shows a characteristic deformation pattern
n—1
+ 1+j6)(1+jé
L,(ﬁ)(O,(S,s) _ (n Ol) 1—[ ( Jo)( . jée) . (4.42)
n i:01+(1+(a+1+r)8)8
B,: For the solution {g ;} of the B, equation (2.70), let us define
b
;= JagLy;. 5= 8L, e=2, a=2 1, (4.43)
a a 8L

and introduce a degree r polynomial in x, having zeros at {y7}:

r

L@, 8,6 Y i [TG-»). (4.44)

r! /

j=1
This is a further deformation of the deformed Laguerre polynomial defined previously such that
lim,_.¢ Zﬁ“) (x,68,¢e) = Eﬁ“)(x, 8) (4.19), and obviously it is a special case of Lf"‘) (x,y,8,¢),
L®(x,8,6) =L (x, J(@+1)*8,¢). (4.45)

D,: As in the Calogero systems, the D, is a special case gg = 0 of the B, theory described by
LEV(x,8,e) = LV (x, 8, ¢), which has a zero at x = 0 for all r.

Deformation of the identities. Before going to the systems with trigonometric potentials, let
us present the one- and two-parameter deformation of the identities between the Hermite and
Laguerre polynomials, (2.20) and (2.21), which could be considered as consequences of the
folding (2.5)—(2.7) and (2.50)—(2.52) of the rational potentials. The one- and two-parameter
deformation of the even degree identities (2.20) are

_1
2 Hy(x,8) = (=)' rILT (2, 8), (4.46)

_1
272 Hy (x, 8, ) = (—1) rILY 2 (62,8, ), (4.47)

which are connected with the folding A,y — C, (2.5). The one- and two-parameter
deformation of the odd degree identities (2.21) are

27 Hy(x.8) = x(= 1)1 (2%, 1.5) (4.48)

1
272!‘71[_121‘4_1 (x’ 8, 8) — x(_l)rr!Lf«Z)(.xz, %’ 8’ )’ (449)

which are related to the folding A, — 1?6, (2.7). The one- and two-parameter deformation
of the identities between Laguerre polynomials (2.22) are

r+ DL (x,8) = —xLWV(x, 8), (4.50)
r+ DL (x,8,6) = —xLP(x, 8, 8), (4.51)

which are related to the folding D,,; — B, (2.6).
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5. Deformation of the Jacobi polynomial

5.0. Ay

For the A,_; case, the equilibrium position, i.e. the solution {g;} of the A,_; equation (2.83),
is the same as the original Sutherland system (2.31). Therefore, the polynomial describing the
equilibrium is same as the original Sutherland system, the Chebyshev polynomial of the first
kind 7, (x) (2.33). In other words, the Chebyshev polynomials are not deformed in the present
scheme.

5.2. B'C,

B'C,: For the solution {g} of the B’C, equation (2.88), let us define
tanh tanh 2 tanh 2

5 = tanh? gy, o= 2185 8Ly, g = NLEL (5.1)
tanh g);  2tanh gy 2 tanh gy

and introduce a degree r polynomial in x having zeros at {cos 24 ;}:

Pr(a*ﬁ)(_x78) d; (O{+,3+2r> 1_[()(? _ cos 21]/) (52)

j=1
It is a deformation of the Jacobi polynomial (2.34) such that

lim PP (x,8) = PP (x). (5.3)

The equation for the equilibrium (2.88) can be written as (we replace r by n)

" 1+‘3 5 c082q, +i7%5 ‘f 5 sin2g; — cos 24,

l_[ 1+5 2

1 15 C082q; — 1i sin2G ; — cos 24

sin2g . sin2q .
B V8 cos2g; +isin2g, 1+cosq2i1 +ile = pVS cosz?j,- +i2(B+ V8 5.4)
VB8cos2g; —isin2g; SN2 (g — B)N/8 22U _ DB+ 1)\/5 '

1+cos 2G cos2qg
Since §; can be restricted to 0 < ¢; < 7/2, sin2g; is sin2G; = /1 —cos?2g;. From
this equation, for —1 < x < 1, we obtain the following functional equation for P,,(a’ﬁ ) (x,9)

(n=1):
(Véx —iv1 —x2)((@ — HVS(1 +x) +iv1 — x2)(2(8 + Dv/bx +iy1 — x2)

1+6 246
x PP (—x +1i J; 1 —x2,8> — (Vox +iv1 —x2)

1-46 1—

x ((a — BV +x) — iy 1 —x2)(2(8 + DVox —iy'1 — x?)
« ph (”3 iffm,a)

1-46

=2iv/1 — x2(A,x* + B,x + C,) PP (x, 8), (5.5)
because the LHS is iv/1 — x?2 times a degree n +2 polynomial in x with real coefficients which
vanishes at x = cos2g;. Here A, = AP35y, B, = B*P(8) and C, = C*P(5) are real
constants:

Ap=—(1 =8V x L1+ (@ = VO +2(B+ DVE) (1 +/8)™ !
+(1— (@ = VO A =28+ VO (1 = V8™ ), (5.6)
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B, = —(a — B)(1+2B)3, (5.7)
Co=1=8)"x 51+ (@— Vo +2(8+ DVE)(1+ V5™

+(1— (@ — VO —2(8+ DVE)(1 — V/5)>!
—2@—B—DA+28)8(1—8"". (5.8)

The functional equation (5.5) contains all the information of the equilibrium. In the 6 — 0
limit, this functional equation reduces to the differential equation of the Jacobi polynomial
(2.104).

The three-term recurrence (2.90) for the deformed Jacobi polynomial Pn(a’ﬂ ) (x,8) is a
consequence of the functional equation (5.5) (see the appendix). The constants in (2.90) are
ay = (B —a)(1—8)""!

1
X S((1+28)((1+ (o — BING) (1 +2(B + DV8) (1 +/8)!
+(1 = (@ = VO =208+ DVO(1 = V5™
+2(— B =D —4B+ D381 —8"" x

) 5.9
d2n d2n+2

1
by = ——((1+/8)" — (1 — /3)"
2\/g« +/8)" — (1= V)"
x %((1 +2(B+ DV (1 +/8)" "+ (1 =28+ DVEH (1 —/8)"
x %((1 +2B+ DV +V8) 2 — (1 =28+ DVE) (1 — V/8)*72)
X %((1 +(@ = BVE+V8)" "+ (1 — (@ — HVOH(1 - Vo))"

< ﬁ((l (@ = BVEP+2(8 + DVE)(1 + /5"

NG

— (1 — (@ — B)VEX(1 = 2(B + DV (1 — /8)*7?)

x—— W, =z—"<°’+’3+2”), (5.10)
dop—1d5,dops1 n

dn = %((1 +(@ = BIVE(1+2(B+ DVE) (1 +/8)" >

— (1= (@ = BVE(1 = 2(B+ DVE (1 — /8)"72). (5.11)
Namely P*? (x, §) satisfies

2+ D(a+B+n+1) PP (x, 8) + (x — an) PP (x, 6)
(@+B+2n+1)(a+B+2n+2)
(x+B+2n—1)(x+p+2n)
2n(a + B +n)

b, PP (x,8) = 0. (5.12)

In this case (5.1), the parameter ranges are § > 0 and ¢ > S > —1. So b, is
positive. From this three-term recurrence we obtain the difference equation for the generating
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function G%2) (¢, x, 8) = Yoo t" plepmenicy 5y,

a
((dzn—ldzzndzmldznu)’n_,l% <§ +x> - (d2n—ld22nd2n+ld2n+2an)‘n_)z(;‘i_l

+ (d2n71d22nd2n+ld2n+2bn)

|n—>l

t)G(""ﬁ) (t,x,8) = 0. (5.13)

KA monic
at

It is interesting to note that the three-term recurrence (5.9), (5.10) simplifies drastically in
a ‘strong’ coupling limit,

gy —> +oo &5 — 1, gL, &s : fixed, (5.14)
B« B2+ 1) B
W= arpr2 T @ipida@_prn w0 22 6D
) 4B+ D@+ 1+ B+ D@ —B)Y) B a+p+2
T =B+ D+ B+2)202B+3) 2T 2(a—B+DH(2B+3)
b, = %, (n > 3). (5.16)

C,: For the solution {g;} of the C, equation (2.86), let us define
_ tanh 2gL

8 = tanh’gs, =—" 1, 5.17
&s * 2 tanh gg ( )
and introduce a degree r polynomial in x having zeros at {cos 24 ;}:
il . _ 14 r
) (x, 5) Koy (“ 2 r) [T — cos2g)). (5.18)
r jol ‘
It is a deformation of the Gegenbauer polynomial (2.35) such that
. (a+1) (@+3)
}H’}) C "(x,8)=C T (x), (5.19)
and obviously it is a special case of pP (x, 6) with definite parity,
1 -1 1 1
e = (209+ r) (a ; r) PO, 8, G (x8) = (1 G (x,8).
(5.20)

The functional equation of C,(La+7)(x, 8) is easily obtained from that of Pn(a"S )(x, &) and will

1
not be presented here. The three-term recurrence for C ,§a+2)(x, &) reads

+1 at+d a+d 200+ 2n — 1 a+d
e, 8 0 (8 + T T, (1, ) = 0, (5.21)
20+ 2n + 1 n
B, For the solution {g;} of the B] equation (2.85), let us define
tanh
5 = tanh’g; , o = 2NNES g (5.22)
tanh gL

and introduce a degree r polynomial in x having zeros at {cos 27 }:

P@(x,8) Lo <“ B 1r+ 2’) [ Jx = cos2g)). (5.23)
j=1
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Obviously it is a special case of pP (x,9),

P@(x,8) = P D(x, ). (5.24)
The functional equation and three-term recurrence of 13,5"‘) (x, §) are obtained from those of
PP (x,8).

53.C)
C;: For the solution {7 ;} of the C, equation (2.87), let us define
tanh
5 = tanh’gs, o= 8Ly (5.25)
tanh gs
and introduce a degree r polynomial in x having zeros at {cos 24 ;}:
~(at) : -1y d
C ) (x,8) L or ("‘ 2 r) [T — cos2g)). (5.26)
r i ‘
It is a deformation of the Gegenbauer polynomial (2.35) with definite parity
li ~(a+1) (D) ~(a+3) . r &a+d)
mC, =0, 8 =C " (x), Cr 7 (=x,8)=(=D"Cr 7 (x,9). (5.27)

The functional equation for (:’flwi)(x, 8) (n > 1) reads

(VBx — iv/T = x2)((e + DB +iv/1 — x2)°C" <11L5x +i 2‘_/58 V1=x2, 5)

-4 1

- (\/gx +iv1 — xz)((oz + DVox —iv1 — x2)2
xcf+%>(1+5 _izﬂm,a)

X
1-96 1

~(a+l
=2iv1— xz(A,,x2 + B,x + Cn)C,(qwz)(x, ). (5.28)
(a+3) (a+3)

Here A, = A, *°(8), B, = B,ia+7)(8) and C, = C, (8) are real constants:
Ar=—=1=8)""Vx L1+ @+ DV A+ V)™ + (1 — (a+ DVE (1 — V)™,

(5.29)

b= (5.30)
Ci=(1-8"x LA+ @+ DVE)2(1 ++/8)2!

(1= (@ + DVER(1 = V8?1 —20%5(1 — 8" ). (5.31)

This functional equation contains all the information of the equilibrium.

The deformed Gegenbauer polynomial C i,mi)(x, 8) satisfies the three-term recurrence
(2.90) (see the appendix) with

a, =0, (5.32)
b, = %((1 +4/8)" — (1 — JE)")Z—IZ((l + (@ + DV (1 +/8)"!
+(1— (@ + V)1 — «/3)”“)2617", (5.33)
d2n—ld2n+l
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dy = %((1 + @+ DV + 8" 2 — (1 — (o + DVE)2( — /8)" ). (5.34)

~(as) )
Namely Ci, +2)(x, 8) satisfies

200 +2n (a+ )

+1 o
" EOD ()4 x0T (x4 22, ¢
n

200+ 2n + 1
In this case (5.25), the parameters are 6 > 0 and ¢ > —1. So b, is positive. From
this three-term recurrence we obtain the difference equation for the generating function
G (1, x,8) = Y2 t"Ch ((H )(x 8) in a similar way to that of P,"?(x, 8).

In a ‘strong’ coupling hmlt

(x,8) =0. (5.35)

n+1

gs > 00 < § — 1, gr : fixed, (5.36)

the three-term recurrence (5.33), (5.34) simplifies drastically:

1 a+1 1

b= —— - 4t by=—. (n3=3). 5.3
'S @22 2T @+ 2)? g @29 37

54. B,
B,: For the solution {gG ;} of the B, equation (2.84), let us define

5 2tanh &
8 =tanh“gy, a=——1, (5.38)
tanh g,
and introduce a degree r polynomial in x having zeros at {cos 24 ;}:
PO, 8) 2 <0‘ -l 2”) [Texr — cos2q,). (5.39)
j=1

It is a deformation of the Jacobi polynomial (2.34) such that
lim P@(x,8) = P D(x). (5.40)

The functional equation for P("‘)(x 8) (n > 1) reads

(vVox —iv1 —x2) (O[TH\/E(I +x)+iv1 — x2> P ( 1+ +i12“_/36 /1= x2, 5)

1-3

2

— (Vox +iv1 —x?) (%ﬁ(l +x) —iv1 —x2)
x B (—1 o, iff‘ir _xz,5>

1-46

= 2iy/1 — x2(A,x* + B,x + C,) P“ (x, 8). (5.41)
Here A, = A (8), B, = B{*(8) and C, = C'*(8) are real constants:
Ay =—(1=8)" x (14 L@+ DVE) (1 +V5)>!
+(1 = S+ DV8) (1 = V/8)> 1), (5.42)
= 1(1—a?)s, (5.43)
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Co=(10=8"x3((1+3(+ DV +/8) 1 + (1—3@+ 1)\/5)2(1 — /)1
— (142 = L+ 1)%8)801 = 8" ). (5.44)

This functional equation contains all the information of the equilibrium.
The deformed Jacobi polynomial P”("‘) (x, &) satisfies the three-term recurrence (2.90) (see
the appendix) with
g/

dd
Y= 1— 2 1 =8 1 "n"n+l 5.45
= =)l =9) dondonsr’ (6:49)

: 1 d/4d 1
by =4——=((1+V/8)" ' — (1 =/8)" ) x —=((1+/8)" — (1 — V8&)") ——""2
N A Uk w (S Ol Ol ey -y

142
e =2—"(“ * ”) (5.46)

n

2
dy = 2\/_ ((1 + —(x + 1)«/—> (1 +\/§)'"’2 — (1 — %((x + 1)\/5) (- ﬁ)mz) ’

(5.47)
d, = % ((1 + %(a + 1)J§) (1+/3)" '+ (1 — %(a + 1)J§) (1- x/E)'"—l) . (5.48)
Namely f’,f“)(x, 8) satisfies
2(n+ 1) (a +n) p@ _ (@)
@@ ey I FE a) P, (x. 8)
N (¢ +2n—2)(a+2n — ])b P(a)l(x 5) =0, (5.49)

2n(a+n —1)

In this case (5.38), the parameters are 6 > 0 and « > —1. So b, is positive. From
this three-term recurrence we obtain the difference equation for the generating function

G9(t,x,8) =302 1" P@(x, §) in a similar way to that of PP (x,8).
In a ‘strong’ coupling limit

gL —> t00 <= 4§ — 1, gs : fixed, (5.50)
the three-term recurrence (5.45)—(5.48) simplifies drastically:

1 —
w=-1, a=—o\  a,=0,  (13>2), (5.51)
oa+3
by =0 LR ! (n>3) (5.52)
1 =0, = @32 "= nz>J). .

D,: As in the Sutherland systems, the D, is a special case gg = 0 of the B, theory described
by Pr(_l)(x, 8), which has a zero at x = £1 forr > 2.

Deformation of the identities. Before closing this section let us briefly discuss the deformation
of the identities between the Chebyshev and Jacobi polynomials (2.37), (2.38) and those
between the Jacobi polynomials (2.39). As remarked in section 5.1, the Chebyshev
polynomials describing the equilibrium of the A,_; systems are not deformed in our scheme.
Therefore, no deformation of the identities (2.37), (2.38) exists. The folding D, — B, (2.52)
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leads to the identity between the deformed Jacobi polynomials ﬁr(“)(x, 8) (5.39) associated
with the B, systems

20+ PV (x,8) = r(x — )PV (x, 5), (5.53)

r+l

which is a deformation of the identity (2.39). As remarked at the end of section 2.1, we have
not been able to deform the identities between the Gegenbauer and Jacobi polynomials (2.40),
(2.41) as they do not seem to have a root theoretic explanation.

Among the deformed Jacobi polynomials P,,(“"S )(x, 8) for various o and S, two cases

)a=p=-1/2,@0l) ¢ = —B = 1/2 are not deformed:
p(*1/2,*1/2)(x’ 8) = P(*I/Z»*1/2)(x)’ p(1/2,*1/2)(x’ 8) = P(1/2v*1/2)(x)_ (5.54)

The first is the Chebyshev polynomial of the first kind 7, (x) o cosng, x = cos ¢, as remarked
in section 5.1. The second case is P,fl/z’fl/z) (x) o sin((2n + 1)@ /2)/sin(¢/2), x = cos .
In both cases, the zeros of P,fa’ﬁ ) (x) are equally spaced. There is a third case [4, 18] of
equally spaced zeros of the Jacobi polynomial pl*P (x), for« = g = 1/2, corresponding to
the Chebyshev polynomial of the second kind U, (x) o sinng/sing, x = cos ¢, which is,
interestingly, deformed. We have no explanation to offer.

6. Summary and comments

We have derived certain deformation of the classical orthogonal polynomials (the Hermite,
Laguerre, Gegenbauer and Jacobi) describing the equilibrium of a class of multi-particle
dynamics, the Ruijsenaars—Schneider systems. The R—S systems are ‘good’ deformation of
the Calogero and Sutherland systems whose equilibrium points are described by the zeros of the
above classical orthogonal polynomials. As remarked in the text these deformed polynomials
do not belong to the g-deformed orthogonal polynomials [15] or their analogues [21].

The quality and quantity of the knowledge of these new polynomials are rather varied.
The one-parameter deformation of the Hermite polynomials, section 3.1, is best understood.
Its three-term recurrence (3.11) tells that it is the simplest possible deformation which reduces
to the original Hermite polynomial without rescaling etc in the zero deformation limit (§ — 0).
As shown in some detail in section 3.1, the generating function (3.14) and the weight function
(3.21) are known explicitly. Some identities connecting the Hermite and Laguerre polynomials
(2.20), (2.21) are nicely deformed (4.46)—(4.47), (4.48)—(4.49). It is interesting to note that
some non-trivial identities of the Hermite polynomials are preserved after deformation. For
example, the ‘addition theorem’ reads

[ed] Ol}l“”-()l””' |&|n &)—é
m
E ) ’Hnl(xl) e Hnm(xm) = | Hn ( = ) s (61)
_oongleeony,! n! ||
Ry =
N+, =n
in which the following notation is used: @ = ‘(ai,...,ay,), X = "(x1,...,%n), |&| =

a-X =oax;+--+ayx,. The deformed version is

Vai+. - +al

m>

o0 ny n = - -
o el 1) 1) lo| a-x 6

>, '",Hnl(xl,—2>~-Hnm<xm,—2)=—, H(— ,—qz). (6.2)
nyl---ny! o o n! | |

ey =0 1
Nyt =n

Both can be derived from the generating functions.

After a long and laborious search through existing literature, we find out that all the
deformed orthogonal polynomials introduced in the main text can be related to particular
members of the Askey-scheme of hypergeometric orthogonal polynomials [16].
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The deformed Hermite polynomial H,(x,§) is related to the Meixner—Pollaczek
polynomial P*) (x; ¢) (section 1.7 of [16]):

n (L) X 7
H,(x,8) =n!v/s P’ (—; —>. (6.3)
NG
This identification allows a simple expression of its general term in terms of a (truncated)
hypergeometric series » F:
2)

g Lysx
H,(x,8) =i"V5 (%) 2F1< RN
. n L (n k—1 . 1 \/_ n—1 1 \/g
= 2" ;(—1) <k>l_[<1x+%+ aJ)xH %+71 , (6.4)

2
5
j=0 Jj=k
which is deformation of (2.18). The two-parameter deformation of the Hermite polynomial
H,(x, 38, ¢) (3.27) is a special case of the continuous Hahn polynomial (section 1.4 of [16]):

21n1/8" (x 111 1)
)pn M

Ho(x,8,6) = ——————— bt
(n—1+5+5),

T T o 6.5

8 8 eS8 Se ©5)
The (two-parameter) deformed Laguerre polynomial L,(f‘) (x, ¥, 8) (4.2) is the continuous dual
Hahn polynomial (section 1.3 of [16]) with rescaling:

n 2 1
LGy, 8) = =8 (2 o+ Las+1), (6.6)
n! 8§ 6
in which o and «, are the two roots of x2 — (¢ — 1)x + y —a = 0. The (three-parameter)
deformed Laguerre polynomial L*)(x, y, 8, €) (4.23) is the Wilson polynomial (section 1.1
of [16]) with rescaling:
2

LGy, 8,6) = " w, (211 lLas+1 6.7
n (y 7)/9 78)_ | l L n _’_7_7a1+ ,C(2+ . (')
nln+a+s+5) 578 de

The deformed Jacobi polynomial p*P (x,8) (5.2) is a special case of the Askey—Wilson
polynomial (section 3.1 of [16]):

a+B+2n
n

PP (x, 8) = 22"( @b*q" " q), pulx;ia. b, —b, —1lq), (6.8)

q=1_‘/§:e*2gﬂ4 az—l_(“_ﬂ)‘/gze%gs
143 ’ 1+ (- A5 ’ (6.9)
. 1 —2(B+1)V/8 _ ot
1+2(B+ Vs ’

~(a 1 . . .
The deformed Gegenbauer polynomial C,(q +2)(x, 8) (5.26) is again a special case of the
Askey—Wilson polynomial (section 3.1 of [16]):

~(a+) — 3+
Cr s = (a " n)(a“q”";q),?'pn(x;a,a, —a,—alg),  (6.10)

_1—\/52672“ 2_1—(a+1)\/(§=€72&.

= = 6.11
1 1++/8 ' . 1+ (@+ DS (©1D)
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Another deformation of the Jacobi polynomial f’,f“)(x, 8) (5.39) is also a special case of the
Askey—Wilson polynomial (section 3.1 of [16]):

“ —1+2
P,f“’(x,a>=2—2"<“ . ”)(azq"—l;qun(x;a,a,—1,—1|q), (6.12)

1—4/6 1 — o+ 16
q = \/_ = e_2g1‘, a = 12(—) =e 85, (613)
1+/8 L+ 2@+ 1)/s
In all these formulae the Pochhammer symbol (a); = ]_[/;;(l)(a + j) and its g-extension

(a; Q) = ]_[’;;2)(1 —aq’) are used.

Various ‘strong’ coupling limits (5.14), (5.36) and (5.50) of the deformed Jacobi type
polynomials P\“" (x, §), ~,(la+%)(x, 8) and P (x, 8) simply correspond to the ‘crystal’ limit
q — 0+ of the Askey—Wilson polynomials (6.8), (6.10) and (6.12).

For all these polynomials discussed in the present paper, the general term can be expressed
in terms of various hypergeometric functions , Fi, 3 F>, 4 F3 and 4¢3. A Rodrigue type formula,
the generating function and the weight function etc can be written by using the general formulae
of the Askey-scheme of hypergeometric orthogonal polynomials [16].

As remarked repeatedly in the text, the equations determining the equilibrium positions,
(2.60)—(2.64), (2.69)—(2.73) and (2.83)—(2.89) look similar to the Bethe ansatz equation. For
the simplest spin 1/2 XXX chain with N sites, the Bethe ansatz equation reads

1 _ . _ NN
i —qr+2 i +
[ e <f1’ 1) (G=1....D, (6.14)
qj qgj—1

in which [ < N is the number of up (down) spins. This looks similar to the rational A type
equations (2.60) and (2.69) with a special choice of the potential w(x) function, the Nth power
rather than linear or quadratic. The corresponding functional relation, Baxter’s t-Q relation,
looks very much like the functional equations (3.6) and (3.31). It would be interesting to
pursue the analogy further.
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Appendix: Relation between the functional equation and the three-term recurrence

In this appendix, we show the relation between the functional equation and the three-term
recurrence, without proof. Since the normalization of polynomials is irrelevant, we consider
monic polynomials f, (x) with real coefficients and without superscript ‘monic’.

The three-term recurrence of f,(x) (2.90) is

Jurn1(X) = (x = ap) fu(x) = by fu—1(x) (n=0), (A.D)

with f_1(x) = 0 and fy(x) = 1. The explicit forms of @, and b, can be read from (3.10),
(3.34), (4.9)—(4.10), (4.31)—(4.32), (5.9)—(5.10), (5.32)—(5.33), (5.45)—(5.46).
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The functional equations for the deformed Hermite, Laguerre and Jacobi polynomials
have the following forms (n > —1):

Hermite:  7(x) f, (x +iv/8) + €h(x)* fu(x — iv/8) = 207 g,(x) o (x), (A.2)
Laguerre:  h(y) f,((y +1v/8)?) + €h(0)* £, ((y — ivV/8)?) = 202 g,(») fu O, (A3)

Jacobi:  h(x)f, ( ia 2\/— \/1 —x2> +eh(x)* f, <1+8x —i 2v6 \/1 —x2>
=2(iy/1 —x2)?gn<x)fn(x>, (A4)

where € is

e=—1: H,(x,8),LY(x,y,8), L™ (x,8),L"x,8), PP (x,8),C,

(@+3)

(x,8), P (x, 8),

(a+3)

e=1: Hy(x,8,8), L% x,y,8,8),LY(x,8 ¢),L"%x,8,¢8),Cn *(x,8), B?x,35).

The explicit forms of & (x) and g, (x) can be read from (3.6), (3.31), (4.5), (4.27), (5.5), (5.28)
and (5.41)*.
As the first step, we show the following property of the functional equations:

Proposition A.1. The solution of the functional equations (A.2)—(A.4), if exists, is unique up
to an overall normalization.

By this proposition, it is sufficient to construct one solution of each functional equation
explicitly. We will do this by using the three-term recurrence.
As the second step, we show the following relation:

Proposition A.2. Three-term recurrence (A.1) implies the relation (n > 0)°

Hermite: i'2 V8h(x) f, (x +iv/3)
= ((x — @) (gn1 (¥) — £, (X)) +1v/8g, (X)) £ (x)
- bn (gn+1(-x) - gnfl(x)) fnfl(x)v (AS)

Laguerre: 21 «/gyh(y)f,,((y +iv8)?)
= (0% = @) (gnr1(¥) — €2 (1)) + 88, (¥) + 218y, (1)) (V%)
— by (gnr1 (9) = a1 (M) fum1 (D), (A.6)

Jacobi:  (iv/1 —x2) T ih(x)fn<1i8 Zf\/l—x2>

1+36 8
= ((x — an)gn+1(X) — (1 iax - an> gn(x) +2iv1 —x? I{Sgn(X)) Ja(x)

_bn(gn+1(-x) _gnfl(x))fnfl(xl (A7)

4 The explicit forms of the function & (x) are derived from the equations for the equilibrium. For the deformed Hermite
polynomials, g, (x) are determined by the consistency of this functional equation. For the deformed Laguerre and
Jacobi polynomials, however, g, (x) are not determined uniquely by these functional equations. We have fixed g, (x)
by using some empirical knowledge of their lower degree members.

5 Although a,, vanishes for the deformed Hermite cases, we keep a,, in this generic formula.
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In the proof of this proposition by induction, we encounter the equation,

Xo () () = Yu@)bu fu 1) =0 or  Xa() fu(¥®) = Ya(Wbu fu_1(3) = 0.
(A.8)
Here X,,(x) and Y,,(x) are as follows:

Hermite:

X, (x) = (x — @) (gne1 (¥) — g0 (xX)) — (x — @) (X — A1) (a2 (X) — gua1 (X)) — 880 (x)

— by (8n(x) — 8n—2(x)) + bps1(8ns2(x) — 84 (X)), (A9)
Y,(x) = (x — an)(gna1(x) — gn—1(x)) — (x — ap—1)(gn-1(x) — gu—2(x))
— (X = aps1) (Gna2(X) — gne1 (X)), (A.10)

Laguerre:

X, () = (5* — @y — (Y — @) (gns1(y) — ga (1)) + 88, (1))
— (" = a) (V" = @) (€nr2(Y) — a1 (1)) +88ur1 () — 48y 2, (1)

— b, (80 (¥) — gn—2()) + bys1(gn2(y) — 82 ()), (A.11)
Yu(y) = (3* — ap — 28)(gns1(Y) — ga1(0) — 0% = a1 (8n-1(y) — gn2(»))
— (5% = @11 (@r2(Y) — ur1 (V)), (A.12)

Jacobi:

1+6 1+6
Xn(x) = (1 3 an> ((x — an)&n+1(X) — <1 —* an> gn(X))

1+6
—(x—ay) ((x — 1) gnr2(X) — (1 —5* an+1) 8n+1 (X)>

2.8
“\1=s

2
) (1= x%)80(x) = b (gn(x) = gn2(x)) + bus1 (gns2(x) — g (X)),

(A.13)

1+6
Y, (x) = (1 i 55~ an) (8n+1(X) = gn1(x)) + (¥ — an—1)gn-2(x)

1+48 @) — ( ) () + 1+6
1—8x An—1 ) 8n—1(X X An+1)8n+2(X 1—3s

X — an+1> 8n+1 ()C)
(A.14)

It is easy to see X, (x) = Y,,(x) = 0 by using the explicit forms of a,,, b, and g, (x).
As the third step, we show the following:

Proposition A.3. The polynomial defined by the three-term recurrence (A.l) satisfies the
functional equations (A.2)—(A.4).

Therefore we obtain the following:

Proposition A.4. The polynomial defined by the functional equations (A.2)—(A.4) satisfies the
three-term recurrence (A.l).
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